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Abstract 

In the minimal 3-3-1 model charged leptons come in a non-diagonal basis. Moreover 
the Yukawa interactions of the model lead to a non-hermitian charged lepton mass 
matrix. In other words, the minimal 3-3-1 model presents a very complex lepton 
mixing. In view of this we check rigorously if the possible textures of the lepton mass 
matrices allowed by the minimal 3-3-1 model can lead or not to the neutrino mixing 
required by the recent experiments in neutrino oscillation. 



1 Introduction 



An alternative to the Standard Model (SM) of electro-weak interactions, the so called 3—3 — 1 
model, was proposed some years ago [1], and one of its interesting features is that neutrino 
are massive from the outset. However, at the time the model was proposed there was no 
indication that neutrinos were massive, and in order to avoid such a mass term some fine 
tuning was necessary [2]. 

In the last few years we witnessed a dramatic change in the scenario of particle physics 
and the most recent experimental results, including SNO [3], K2K [4], and KamLAND [5] 
data, are corroborating the hypothesis of neutrino oscillation [6] , which implies the existence 
of at least two massive neutrinos. In view of this the chief question now refers to the smallness 
of the neutrino masses, and in the context of 3 — 3 — 1 model, can these masses be fairly 
accommodated? It was shown in Ref. [7] that in fact they can. The model dispose of a 
type II seesaw mechanism which provides small masses to neutrinos. This could put an end 
point on the subject if the size of neutrinos masses were the only issue. Nevertheless, the 
experiments are showing not only that neutrinos have a tiny mass, but are also strongly 
suggesting the pattern in which they mix [3, 4]. The proposal of this work is to check if 
the minimal 3-3-1 model can explain the pattern of neutrino mixing in accordance with the 
experiments. 

There are two reasonable arguments to pursue this check. The first one concerns its 
absence in literature, and it is justifiable to look for consistency with experiment. The second 
one is related to the interplay that exists between neutrino and charged lepton mixing, that 
arises naturally inside the minimal 3-3-1 model. Such interplay exists because neutrinos and 
charged lepton masses both have the same origin: a sextet of scalars. Moreover the charged 
lepton mass also receive contributions of a triplet of scalars [2]. This implies that the charged 
leptons cannot be simply assumed to lie on a diagonal basis. Consequently, in the minimal 
3-3-1 model the charged leptons are non-trivially interconnected to the neutrino physics and 
play some role in it, and we should be able to know better how this connection is realized 
under the light of the recent results on neutrino oscillation. 

We organize this work as follows. First, in Sec. 2, we introduce the necessary ingredients 
of the model, presenting the texture of neutrino and charged lepton mass matrix of the 
model. Then, in Sec. 3, we examine the distinct possibilities for the lepton mixing matrices 
suggested by the results of neutrino oscillation. Finally, in Sec. 4, we present our conclusions. 

2 Lepton sector of the minimal 3-3-1 model 

In this section, we are going to present the ingredients necessary to obtain the mass matrix 
for neutrinos and charged leptons in the minimal 3 — 3 — 1 model. The gauge group under 
consideration is SU C (3) ®SUl{3) <8> Ux(X), which spontaneously breaks to the usual SU C (3) ® 
S77l(2) ® Uy(i)- In its minimal version, the scalar content that interacts with the lepton 
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sector is composed by a triplet, rj = (r]°, ^ , rj^Y ~ (1, 3, 0) and a sextet S [2], 



S = 



ht (7° 



\ 



(1,6,0), 



(1) 



where we have included their assigned transformation properties under the gauge group 
SU c (3)®SU L (3)®U x (l). 

The leptons are arranged in the fundamental representation of the gauge group SUl(3), 
and for each family we have, 



e a 



\e aJ 



(1,3,0), 



(2) 



where a = 1, 2, 3 labels the different families. 

The Yukawa interactions that generate the lepton masses are given by, 

Cj = l -G ab JW^fS^ bL + ^F ab e ijk (y~Lyy jbL r)* k + H.c. 



(3) 



When the neutral scalars develop their respective vacuum expectation values, < a® >= v ai , 
< o"2 >= v a , 2 and < rf >= v v , neutrinos and charged leptons acquire the following mass 
matrices, 
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(4) 



and 



Mi 



Guv a2 (G 12 v a2 + F 12 v v ) (G 13 v a2 + F 13 v v ) 

(G 2 iv a2 - F 12 v v ) G 22 v a2 (G 23 v a2 + F 23 v v ) 

(G 31 v a2 - F 13 v v ) {G 32 v a2 - F 23 v v ) G 33 v c 



J a 2 



(5) 



respectively. 

The question we are going to pursue next is whether it is possible to have some configu- 
ration where these interdependent matrices assume a realistic form. In other words, if there 
exist values of Yukawa couplings, G ab and F ab , for which the expected neutrino mixing as 
well as the charged lepton mass spectrum can come about naturally. 
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We start by noticing that lepton mass matrices in Eqs. (4) and (5), can be diagonalized 
as follows, 

Mf = V^M^ , M? = V}M V V V , (6) 

where we have used the notation, M D = Diag (mi, 1712,1713), with mi being the physical 
lepton masses. The matrices V transform the lepton fields in the interaction eigenstates into 
mass eigenstates and, in principle, they are different for left-handed and right-handed fields. 
These diagonalization matrices V £ l , V e R and V u combine themselves in the charged currents 
of the model which, after the 3 — 3 — 1 breaking to the SU(3) C <8> U(l) em , are given by: 

£? C = {eirO w u L W- + J^yO v ru L V; + T^yO u ^e L U+ + } + H.c. , (7) 

where we are omitting family indices and O w = Vj L V v , O v = Vj R V v and O u = Vj R V e L are 
the three mixing matrices involved in the charged currents and all of them can be chosen 
to be of the CKM type. Besides, we will be considering the simplest case of a zero CP 
violating phase, since this phase is irrelevant throughout our analysis. This means that these 
matrices are real, and we can work with their transpose instead of hermitian conjugate. The 
parameterization we assume here for the mixing matrices is: 



C13C12 S12C13 S13 



qW,V,U 



\ 



-S12C23 - S23S13C12 C23C12 - S23S13S12 S23C13 

S23S12 - S13C23C12 -S23C12 - S13S12C23 C23C13 



(8) 



where we have used the short form c^- = cos% and Sy = sin%. 

From the three mixing matrices that form the lepton mixing in Eq. (7), we have ex- 
perimental information only upon the angles of O w , the mixing matrix involved in the 
neutrino oscillation experiments. However the information we have is not enough to de- 
termine uniquely the three angles in Eq. (8). What we know is that the recent analysis 
of atmospheric neutrino oscillation still favor — v T oscillation with an almost maximal 
mixing 0.92 < sin 2 29 atm < 1.0 at 90 % C.L. [8]. We also have that the oscillation among 
v e — i/p is almost settled as the explanation for the solar neutrino problem. Here the recent 
results allow 0.25 < sin 2 sun < 0.40 and 0.6 < cos 2 sum < 0.75(90 % C.L.)[9, 10]. Since the 
CHOOZ experiment failed to see the disappearance of V e , we also have < sin 2 29 c h z < 0.1 
(90 % C.L.) [11]. 

For our proposal here we have to fix the angles 9 atm (#23 in Eq. (8)) and 6 c h z ( #13 in Eq. 
(8)). This is straightforwardly done by taking the best fit for 9 atm = 45°, while 9 c h z = 0°, 
in agreement with the above presented results. The angle involved in the solar neutrino 
oscillation (0 12 ) is the one that allows for a certain range of values. Fortunately, we can keep 
it as a free parameter. For simplicity let us take sin0 sun = s and cos# snn = c. We then are 
left with the so called maximal mixing pattern for O w , according to the parameterization 
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in Eq. (8): 
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Henceforth we will focus our attention on this particular pattern concerning the neutrino 
mixing. 



3 Possible lepton mixing 

According to Eq. (5), the charged lepton mass matrix is necessarily non-diagonal, compelling 
us to analyze only two cases. The first one is the case where neutrino mass matrix is diagonal, 
and the mixing in the charged current is due only to the charged lepton sector. The second 
possibility is to have both neutrino and charged lepton mass matrices non-diagonal, resulting 
in a mixing matrix given by O w 

3.1 First Case 

Let us begin our analysis by the case where neutrinos are in a diagonal mass basis. In this 
case, O w = Vg£, M v = Diag(Giiv ai ,G 22 v ai ,G 33 v ai ) and M/ takes the form 



v e T L v u . 



^ Guv a2 F 12 v v F 13 v v ^ 



Mi 



-F 12 v v G 22 Va 2 F 23 v v 
\ -F 13 v v -F 23 v v G 33 v a2 



(10) 



This texture is very peculiar since the non-diagonal elements are anti-symmetric and, as far 
as we know, there is no approach dealing with such a texture in literature. Now let us check 
if we are able to obtain the mixing in Eq. (9) taking into account the texture in Eq. (10). It 
is suitable to remark that when V v = I then O w = Vj L and O v = Vj R , meaning that V^ L is 
given solely by the maximal mixing matrix, Eq. (9). 

In this case O v = Vj R . With this and using the pattern of a CKM matrix in Eq. (8) for 
O v , we have that 



V, 



eR 



C13C12 —S\ 2 C 23 — S23S13C12 

S12C13 C23C12 - S23S13S12 

s 13 S23 c 13 



<S23 S 12 — Sl3 c 23 c 12 
-S23C12 - S13S12C23 
C23C13 



(11) 



Starting with these assignments for the matrices V e L and V e R, the charged lepton mass ma- 
trix, Eq. (10), is connected to them through Mi = V e LMfVj R , where Mf = Diag(m e , m^, m T ). 
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Since we know the charged lepton masses we can check if there exists a range of values for 
the mixing angles that is compatible with this equation, which we write as, 



/ \ 

V eL M?V? R = 



M n 


M 12 


M 13 


M 21 


M 22 


M 23 


M 3 i 


M 32 


M 33 



(12) 



where we have defined, 

M12 = cc 13 s 12 m e + —^[(s 12 s 13 s 2 3 - Ci 2 c 23 )m^ - (ci 2 s 23 + Si 2 Si 3 c 23 )m T ] , 

Q 

M 21 = sc 12 c 13 m e - —^[(s 12 c 23 + c 12 s 13 s 23 )m^ + (s 12 s 23 - c 12 s 13 c 23 )m T ] , 

g 

M 13 = cs l3 m e + -j=\-Ci 3 s 23 m^ + c 13 c 23 m T ] , 

M 31 = —^[-(s 12 c 23 + ci 2 si 3 s 23 )m^ + (si 2 s 23 - c 12 s 13 c 23 )m T ] , 
M 23 = ss l3 m e + -^[ci 3 s 23 m M - c 13 c 23 m T ] , 

M 32 = -^[(ci 2 c 23 - s 12 s 13 s 23 )m^ - (s 12 s 13 c 23 + c 12 s 23 )m T ] , 

g 

Mn = cci 2 ci 3 m e + -^=[(si 2 c 23 + Ci 2 Si 3 s 23 )m M + (si 2 s 23 - Ci 2 Si 3 c 23 )m T ] , 

Q 

M 22 = ss l2 c l3 m e + -j^[(c 12 c 23 - Si 2 Si 3 s 23 )"V + (ci 2 s 23 + Si 2 Si 3 c 23 )m T ] , 

M 33 = -^[c 13 s 23 m^ + Ci 3 c 23 m T ] . (13) 

According to Eqs. (4) and (5), once we impose the neutrino mass matrix is diagonal, 
the texture of the charged lepton mass matrix automatically emerges and it is such that 
the non-diagonal elements are anti-symmetric as displayed in Eq. (10). This implies that 
the non-diagonal elements in Eq. (13) above have to be anti-symmetric, = —Mji for 
i ^ j- These conditions can be translated into the following set of non-linear equations for 
the mixing angles: 

V2[cs 12 c 13 + sci 2 ci 3 ]m e + [s(si 2 si 3 s 23 - Ci 2 c 23 ) - c(si 2 c 23 + Ci 2 Si 3 s 23 )]m M 
+ [c(ci 2 si 3 c 23 - si 2 s 23 ) - s(ci 2 s 23 + Si 2 Si 3 c 23 )]m T = , 

V2cs 13 m e - [sci 3 s 23 + si 2 c 23 + c 12 s 13 s 23 ]m^ + [sci 3 c 23 + si 2 s 23 - ci 2 si 3 c 23 ]m T = , 
V2ss 13 m e + [cc 13 s 23 + ci 2 c 23 - s 12 s 13 s 23 ]m^ - [cc 13 c 23 + ci 2 s 23 + si 2 si 3 c 23 ]m T = . 

(14) 

Motivated by the fact that the charged lepton masses differ by orders of magnitude the 
first naive attempt we could try in order to see if this system admits a solution is to assume 
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that the coefficients of each mass term vanishes. In the sequence we are going to show that 
no solution can be found in this way and, in this case, we have to allow for any combination 
of the mass coefficients to cancel each other, which will need some numerical computation. 

We start by making the coefficients of m e , m M and m T in Eq. (14), to vanish identically. 
This leads automatically to the following constraints, 

CS 12 = -SC12 , (15) 

and 

si 3 = 0. (16) 

For simplicity, we are going to assume that c 13 = +1*. The constraint in Eq. (16) allows 
some simplification in Eq. (14) and we can extract further constraints from it, namely, 

SC23 = — S12S235 

ss 23 — — S12C23, 
CC 23 = -C12S23 , 

CS 2 3 = -Cl2C 23 - (17) 

Taking into account the constraint Eq. (15) together with these equations, it is straightfor- 
ward to see that we only have a solution for this system if s = or c = 0, which is not the 
case since the small angle MSW solution is already ruled out. In this way we have shown that 
our naive analytical approach does not allow us to obtain a conclusion about the existence 
of a solution. 

We have then to resort to numerical calculations. The numerical analysis was done using 
the package for solving systems of non-linear equations described in Ref. [12]. We fixed the 
lepton masses as, m e = 0.51 MeV, = 105.66 MeV and m T = 1777.0 MeV, and assumed 
values for s and c in the range: 0.439941 < s ~ c < 0.686221 [6]. No solution for the system 
Eq. (14) was found in this range. This analysis is sufficient to conclude that lepton mixing 
in minimal 3-3-1 model does not allow for the pattern of charged lepton masses given by 
Eq. (10). Hence, we should look for another scenario where neutrinos and charged lepton 
mass matrices are both in a non-diagonal basis. That is what we will do next. 

3.2 Second Case 

Another possible scenario is one where both neutrino and charged lepton mass matrices 
are non-diagonal. In this situation, the mixing in Eq. (9) is generated partially by the 
diagonalization of neutrino mass matrix and partially by the diagonalization of charged 
lepton mass matrix. The only way of separating Eq. (9) in these two matrices is to have 

*It can be shown that C13 = — 1 would lead to the same conclusions, although to different charged lepton 
mass elements in Eq. (13). 
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maximal mixing between and v T coming from the charged lepton sector and the mixing 
in the v e to oscillation coming from the neutrino sector. In this way we have 



o w = vJ L v v 
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where, 
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(18) 



(19) 



and, 



V v 



V2 V2 I 
\ 



V 



c s 
-s c 
1 



(20) 



From the Lagrangian term containing the singly charged bilepton, Eq. (7), we have that 
O v = V^ R V U , with the diagonalization matrices given above. We then parameterize O v 
according to the usual CKM pattern, 



O v = 



C12C13 

— S 12C23 — C12S13S23 
S12S23 - C12S13C23 



•S12C13 S13 
c 12 c 23 — s 12 s 13 s 23 C13S23 
-C12S23 - S12S13C23 C13C23 



(21) 



Dissociating it as a product of three different rotation matrices, 



o v = 



1 

c 23 s 2 3 
— S23 C23 



Cl3 





S13 

1 



V 



C12 S12 
-S12 C12 
1 



(22) 



^ -sis ci 3 y 

we recognize the last matrix at the right hand side of Eq. (22) as the neutrino mixing matrix 
given above in Eq. (20) which implies Cyi = c and S\2 = s. 

After this, the appropriate form of V e R is then automatically obtained as follows: 



V e T R = 



1 

C 23 S23 
-S23 C 2 3 



X 



Cl3 





Sl3 





1 





-Si3 





Cl3 



Cl3 Si 3 

-S23S13 C 23 S23C13 
-C23S13 -S23 C23C13 



(23) 
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With V e R given above, Eq. (23), and V v given by Eq. (20), we are able to obtain the texture 
of the neutrino and charged lepton mass matrices. For the neutrinos we have: 



^ rriic 2 + m 2 s 2 



V V M?V? 



(m 2 — mi)cs 




(m 2 — m-i)cs 
mis 2 + m 2 c 2 







m 3 



(24) 



When this is confronted with M v in Eq. (5) we conclude that G\ 3 = G 23 = 0. As a 
consequence, we are left with a peculiar texture for the charged lepton mass matrix, 



Mi 



V 



G u v a2 (G 12 v a2 + F 12 v v ) F 13 v v 

(G 12 v a2 - F 12 v v ) G 22 v a2 F 23 v v 

-F 13 v v -F 23 v v G 33 v a2 



\ 



J 



(25) 



We must check now if these assignments are plausible by verifying if the diagonalization 
matrices so obtained drive us to such a texture. We then compute V^MfV^ where V e L is 
given by Eq. (19), and V eR by Eq. (23), 



Mi = V eL M t D V e T R 



( 
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V2 
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V2 
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Cl3 
"S 23 Sl3 
-C 23 Si 3 



c 13 m e 

73(-s 23 Si 3 m^ + c 23 s 13 m T ) 
■^(-s 23 s 13 m^ - c 23 s 13 m T ) 



Sia 
C 2 3 S 23 C i3 
-S23 C 23 C i3 
\ 



-^(c 23 m^ + s 23 m T ) 
^(c 23 m M - s 23 m T ) 



s l3 m e 

7j(s23Ci3^ - c 23 c 13 m T ) 
^(S23C13^ M + c 23 c 13 m T ) 



(26) 



Let us look at the consequences of this result. We first observe that by identifying Eq. (25) 
with Eq. (26) we obtain the following equations, 

-s 23 s 13 m^ + c 23 s 13 m T = , 

c 2 3«V - S 23«V = -s 23 ci 3 m M + c 23 c l3 m T . (27) 

We can analyze two possibilities, namely, s± 3 = and s i3 ^ 0. For the case s i3 = (assuming 
c 13 = +1), these equations have a solution for c 23 = — s 23 . 

However, the fact that elements G a b are present in both mass matrices, of neutrinos and 
charged leptons, leads to tight constraints on their values. For instance, by comparing the 
matrix in Eq. (5) with Eq. (24), we can extract 



Guv. 



llf<7l 



m\(? + m 2 s 2 . 



(28) 
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and 

GssVa, = m 3 . (29) 

According to Eqs. (25) and (26), after substituting the obtained value for the mixing angles, 
Si3 = =>- Ci 3 = 1 and c 23 = — s 23 = 1/a/2, Gu and G 33 are also constrained to the charged 
lepton masses, 

G u v a2 = m e , (30) 

and 

1 1 

G 3 3Va 2 = ^(m T - m M ) ~ -m T . (31) 

But this is not possible because mi, m 2 and 7723 are of the order of eV, while m e is of the order 
of MeV and m T is of the order of GeV. When we divide Eq. (28) and Eq. (29) by Eq. (30) 
and Eq. (31), respectively, we obtain that the ratio v ai /v U2 is about 10~ 6 in one case and 
10~ 9 in the other, which is an absurd. This shows that such a solution is not possible. 

Suppose now that S13 is not null. In this situation the second equation in Eq. (27) 
becomes, 

m e = -^(s 2 3«V + c 23«v) • (32) 

Since the magnitude of the charged lepton masses are very different, there is no value for the 
mixing angle in Eq. (32) that makes the right hand side of this equation to be equal to the 
electron mass. For instance, if s 23 (c 23 ) is small, c 23 (s 23 ) is close to one and we would obtain 
m e ~ m T (m M ), an obviously false result. This analysis is general enough and we do not even 
need to appeal to numerical computation to conclude that the minimal 3-3-1 model requires 
some extension in order to accommodate the lepton mixture. 



4 Concluding Remarks 

We have investigated the possibility of conciliating the mixing in lepton sector, suggested by 
the neutrino oscillation hypothesis, with the minimal version of 3-3-1 model. Due to the very 
particular form of the anti-symmetric Yukawa coupling with the triplet, we have shown that 
none of the alternatives for the mass matrix textures of charged leptons and neutrinos could 
generate the expected pattern for neutrino mixing. Hence, if by one side the minimal 3-3-1 
model naturally explains the smallness of neutrinos masses [7], by the other side it is not 
able to consistently accommodate the neutrino mixing. This does not mean that the model 
loses its attractiveness, it still addresses additional questions not embraced by the Standard 
Model. However, the newest observations from neutrino physics put it clear, through the 
results here obtained, that further extension is needed in order to keep the privileged position 
that the model deserves[13]. 
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